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Discrete Dynamical Systems Generated by the Composition
of Finite Mealy Automata
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Abstract: Discrete dynamical systems generated by the composition of finite Mealy automata:
This paper considers the solutions of the following questions: the construction of the composition of random
number of finite Mealy automata; the construction of inverse Mealy automaton and the solution of linear
automaton equations; the development of suitable algorithms and.

Key words: discrete dynamical systems; Mealy automaton; composition; inverse automaton; linear
automaton equation.

INTRODUCTION

Let us recall some fundamental definitions, modifying some of them, and introducing
certain special notations and suitable general replacements[1],[2],[3],[4].

Definition 1.

A finite automaton M is a 6-tuple M =(Q,V,.V,,5,4,q,) . where O=1{4,,4,,..q,} IS

finite set of control states; ¥ - starting and exit alphabet; 5 : OxV; — O - state transition

function; 4:0xV; =V, - outset function; g, € O is the initial state of the finite control

(when V| coincides with 7, - Mealy automaton).

Remark: The function [x] is the integer part of x.

Now lets M, =(0Q".V,V,8,,4.q,). M,=(0".V.V,5,,4.,q,") are Mealy
automata.

Definition 2.

The composition, M =(Q,V,V,5,2,q,) is called composition of M, and M, and denotes
M =M, o M,, where |Q|=m,, |0"|=m,,|0|=m.m,,
5(6],)6)2 m2'(§1 (q':x)_ 1)+ 52(q”7j’1(q'7x))’
ﬂ(q,x):ﬂz(q”,ﬂ,l(q',x)),

+m, —1 -1
as q|=|:q 2 :|‘ qu:q_|:q :|.m2.
m, m,

An example to make it clear is done:
Example 1.
Let the finite automata M, and M, are given as follows:
M, = (Q’,V, V,51,/11,q0'), where V' = {a,b,c}; 0'= {1,2,3,4}, q,'=1 and its functions &,

and A, are given in fig.1.

—_ o~
N =
- —

My 1 2 3 4

a 2b | 3c | 4b | 1a

c| 3a| 4b| 1a]| 2¢c

fig. 1
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M, = (Q",V,V,SZ,/lz,qO"), where V' = {a,b,c}; Q"= {1,2,3,4}, q,''=1 and its functions
0, and A, are given in fig.2.

M 1 2 3 4
4b | 3¢ | 2a | 2b
b 2c | 4a| 1c | 3a

V]

c| 3a| 3b| 4b| 1c

fig. 2
After some calculation (using program 2) of%he functions 6 and A according to formulae
(1) and (2) the automaton M = (Q, V,V,5,2,q,) can be defined as follows:
V ={a,b,c}; 0=11,2,3,4,56,7,89,10,11,12,13,14,15,16}, g, =1 and its functions & and
A are given in fig.3. (calculations are done using suitable software developed by the
author executing formulae (1) and (2)).
M |1]2|3|4|5|6|7|8|9|1][11[12|13|14|15]| 16
a 6,c|8,a|5.c|5a|11,a|11,b|12,b| 9,c [14,c|16,a[13,c|15,a|4,b |1,c|2,a|2b
b [15,a|15,b[16,b|13,c|4,b|1,c|2a|2b|7,a|7,b|8b |5c [10,c[12,a|9,c |11,a
[ 12,b| 9,c [10,a|11,b[{14,c|16,a|13,c|15,a|4b|1,c |2,a |2b|7,a|7b|8b |5

fig. 3
For the word ¢, = bacac the two cgnsequences with the values of &,,4,,5,,4,

and 8,4 can be found as follows:
o,(Lby=4; 4,(,b)=c;
0,(4,a)=1; 4,(4,a)=a;
o,(Le)=3; 4 (Le)=a;
0,3,a)=4; ,(3,a)=b;
AL4,c)=c;
= M, (al ) = caabc
0,(1,c)=3; 4, (Lc)=a;
0,(3,a)=2; 4,(3,a)=a;
0,(2,a)=1; ,,(2,a)=c;
o0,(Lb)=2; 1,(1,b)=c;
4 (2,0)=b;
= M,(M,(a,))= aacch
o(Lb)=15; A(,b)=a;
o0(15,a)=2; A(15,a)=a;
0(2,¢)=9; A(2,c)=c;
0(09,a)=14; A(9,a)=c;
A(14,c)=b;

Then M(a, )= aacch=M,(M,(a,))
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An investigation on the word ¢, = aaccbbac follows:
0,(L,a)y=2; 4,(La)=>b;
6,(2,a)=3; 4,(2,a)=c;
0,3,¢)=1; 4,3,¢c)=a;
0,(L,c)=3; 4(,c)=a;
6,3,0)=2; 4,(3,b)=c;
6,(2,b)=1; 4,(2,b)=a;
0,(L,a)=2; 4,(La)=>b;
4 2,c)=b;

= M, (a, )= bcaacabb
0,(,b)=2; 4,(1,b)=c;
0,(2,¢)=3; 4,(2,c)=b;
0,(3,a)=2; ,,(3,a)=a;
0,(2,a)=1; 1,(2,a)=c;
o, (Le)=3; L, (L,c)=a;
0,(3,a)=2; ,,(3,a)=a;
0,(2,b)=4; ,,(2,b)=a;
A 4,b)=a;

= M,(M,(a,))= chacaaaa
0(l,a)=6; A(l,a)=c;
0(6,a)=11; A(6,a)=b;
o(Lec)=2; AL c)=a;
0(2,¢)=9; A(2,a)=c;
009,b6)=7; A9,b)=a;
0(7,b)=2; A(7,b)=a;
0(2,a)=8; 1(2,a)=a;
AB8,c)=a;

Then M(a, )= chacaaaa = M,(M,(c,))

This example gives us grounds to formulate and prove the following theorem:
Theorem 1. The composition M = M, o M, of two Mealy automata generates the

automaton map @ =@, ° @,.

Proof
Let M=(0,V,V.5,4,q,) be the Mealy automaton, constructed above, a el *,
a=a;a,a,..a;,
51(q0"ai1 ): qil" 0, (qik_ll’aik ): qik” 4 (%’aaq ):bq A (qik_] "aik ):bik ;
52(q0”’bi1):qi1”’ 52(qik_1"’bik):qik”’ 12(%”:[9,'1):‘351' lz(qz'k_lnsbik):cik:
k=1,..,s.

Thus M, (a)= b,b,b,..b; . M, (M, (@)= CiCiy Ciy o i -
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An investigation on q;

, and a, (forany k=2,..,s) follows.

-
5(‘]0:% ): m2‘(51 (‘10"% )_ 1)+ 52(‘]0”»/11(‘]0"01'1 )):
= m2<q,.1 '_1)4‘ 0, (qonabq ): m2.<q,.1 ’_1)"‘ q;"
}“(qO’ail ): A (('IO”’A’I(C]O"ail )): }“2(%”:]71'1 ): Gy
and so M(a,.1 )=c,.1 =M, (Ml (ail ))
The same way can be obtained the result for g, :
d, (qik,1'9aik)=qik”
ﬂq(‘]ik "aik ): bik ,
o (Qik,ln’bik )z%k"'
z (qik—l A ):ka’
which means M, (Ml (a,-k )): C -
5(‘1%_1 Ay ): mz-(5| (qik_l La, )_ 1)+ 0, (qik_l "4 (qik_l La, )):
=m, (q,'k '_1)+ o (qik_l "’bik ): m, '(qik '_1)"' q; "
A(Qik,l iy )= A (‘L‘k,l "4 (%‘k,l '?aik )): A (‘L‘k,l ”’bik ): Ciy -
Therefore M(aik):cik = MZ(M1 (aik )) and hence M(a)=M,(M,(a)) so in conclusion
M=M,oM,.

LITERATURE

[1]. Clushkov V., Sintez cifrovih automatov, Fismatgiz, Moscow, 1962.

[2]. Dochev D. Tr., On some properties of discrete semidynamical systems generated by
finite automatons, UAAM, tome 21, book 1 (123-135, Sofia, 1985).

[3]. Manev K., Introduction to discrete mathematics, KLMN, Sofia, 2003.

[4]. Sibirskiy K., Introduction to topological dynamics, Kishenw, AN MSSP, 1970.

For contacts:
Mihail K. Kirilov, “Algebra and Geometry” department, RU”Angel Kanchev”,
tel. 839950; 0899975987; e-mail: michael kirilov@mail.bg

HdoknaabT e peueH3npaH.

-29-



