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On the Classification of [66, 33, 12] Binary Self-dual Codes  

with an Automorphism of Order 11 with 6 Cycles 
1

 

 

Nikolay Yankov 

 

Abstract: We complete the classification of all optimal binary self-dual codes of length 66 that have an 

automorphism of order 11 with 6 cycles. Using a method for constructing and classifying binary self-dual 

codes with an automorphism of odd prime order p we give all [66, 33, 12] binary self-dual codes with such an 

automorphism for p = 11. Many of the codes we obtain have new values of the parameters in their respective 

weight enumerators. 
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INTRODUCTION 

A linear [ , ]n k  code C is a k-dimensional subspace of the vector space 
n

q

F , where 
q

F  

is the finite field of q elements. The elements of C are called codewords and the 

(Hamming) weight of a codeword is the number of its nonzero coordinate positions. The 

minimum weight d of C is the smallest weight among all nonzero code words of C, and C 

is called a [ , , ]n k d code.  

A matrix which rows form a basis of C is called a generator matrix of this code. The 

weight enumerator ( )W y  of a code C is given by 

0

( )

n

i

i

i

W y A y

=

=∑  where A
i
, is the number 

of codewords of weight i in C. Let ( , ) :
n n

q q q

u v F F F× →  be an inner product in the linear 

space 
n

q

F . The dual code of C is { : ( , ) 0 for all }
n

q

C u F u v v C
⊥

= ∈ = ∈ . The dual code C
⊥

 is 

a linear [ , ]n n k−  code. We call the code C self-orthogonal if C C
⊥

⊆ . If C C

⊥

=  then the 

code C is termed self-dual.  

The codes with the largest possible minimum weight among all self-dual codes of a 

given length are named optimal self-dual codes. Two binary codes are equivalent if one 

can be obtained from the other by a permutation of coordinates. The permutation 
n

Sσ ∈  is 

an automorphism of C, if ( )C Cσ= . The set of all automorphisms of C forms a group, 

called the automorphism group ( )Aut C  of C. 

 

CONSTRUCTION METHOD 

Huffman and Yorgov (cf. [1], [2]) developed a method for constructing binary self-dual 

codes with an automorphism of odd prime order.  

Let C be a binary self-dual code of length n and σ  be an automorphism of C of order 

p for an odd prime p. Without loss of generality we can assume that 

 
1 1

,
c c c t

σ
+ +

= Ω Ω Ω Ω� �  (1)   

where 
1

, ,

c

Ω … Ω  are the cycles of length p and 
1

, ,

c c t+ +

Ω … Ω  are the fixed points. We shortly 

say that σ  is of type ( , )p c f− . Then we have cp f n+ = . 

Let ( ) { : }F C v C v v
σ

σ= ∈ =  and ( ) { : ( | ) 0(mod2)}
i

E C v C wt v
σ

= ∈ Ω ≡ , 1,2, ,i c= … , 

where |
i

v Ω  is the restriction of the vector v on 
i

Ω . We have the following lemma. 

 

Lemma 1 [1] ( ) ( )C F C E C
σ σ

= ⊕ , where the symbol ⊕  means a direct sum of codes, 

dim ( ) ( 1) / 2F C p c
σ

= − . When C is a self-dual code and 2 is a primitive root modulo p, then 

c is even. 
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Obviously ( )v F C
σ

∈  iff v C∈  and v is constant on each cycle. Let 
2

: ( )
c f

F C F
σ

π

+

→  be 

the projection map where if ( ),v F C
σ

∈  ( )
i j

v vπ =  for some ,

i

j ∈Ω  1,2, , .i c f= … +  

Every vector of length p can be represented with a polynomial in the factor ring 

2

[ ] / 1〈 − 〉
p

F x x , namely 
1

0 1 1 0 1 1

( , , , )
p

p p

a a a a a x a x

−

− −

… + + +� � . We call the weight of a 

polynomial the number of its nonzero coefficients. Let P be the set of all even-weight 

polynomials in 
2

[ ] / 1〈 − 〉
p

F x x . Then P is a cyclic code of length p with generator 

polynomial 1x − . 

 

Lemma 2 [1] Let p be an odd prime such that 
2 1

1
p

x x x

−

+ + + +�  is irreducible over 

2

F . Then P is a field with identity 
2 1p

x x x

−

+ + +� .  

Denote by 
*

( )E C
σ

 the code ( )E C
σ

 with the last f coordinates deleted. Consider for 

( )v E C
σ

∈  each 
0 1 1

| ( , , , )
i p

v a a a
−

Ω = …  as a polynomial ( | )
i

vφ Ω  in the following way 

 
1

0 1 1

( | ) ,  for  1 .
p

i p
v a a x a x i cφ

−

−

Ω = + + + ≤ ≤�  (2) 

This way we define the map 
*

: ( )
c

E C P
σ

φ → . 

 

Theorem 1 [3] Assume that the polynomial 
2 1

1
p

x x x

−

+ + + +�  is irreducible over 
2

F . 

A code C, possessing an automorphism (1), is self-dual if and only if the following 

conditions hold:  

i) ( ( ))C F C
π σ

π=  is a 
2

[ , ]
c f

c f
+

+  binary self-dual code; 

ii) 
*

( ( ))
φ σ

φ=C E C  is a self-dual [ , / 2]c c  code over the field P under the inner product 

2( 1)/2

0

( , )

c

p

i i

i

u v u v

−

=

=∑ , where 
1

( , , )
c

u u u= … , 
1

( , , )
c

c

v v v P= … ∈ . 

 

Theorem 2 [4] Let the permutation σ , defined in (1), be an automorphism of the self-

dual codes C and C'. A sufficient condition for equivalence of C and C' is that C' can be 

obtained from C by application of a product of some of the following transformations: 

a) a substitution 
t

x x→  for 1, , 1t p= … −  in C
φ
; 

b) any multiplication of the j-th coordinate of by 
j
t

x , where 
j
t  is an integer, 

1 1
j
t p≤ ≤ − , 1, ,j c= … ; 

c) any permutation of the first c cycles of C; 

d) any permutation of the last f coordinates of C. 

 

HERMITIAN [6,3] CODES OVER 
1024

F  

By Theorem 1 since 2 is a primitive root modulo 11=p  we can conclude that the 

( ( ))E C
σ

φ  is a Hermitian [6,3, 3]≥  self-dual code over the set of all even-weight 

polynomials in 
11

2

[ ] / 1〈 − 〉F x x  under the inner product 

 

6

32

1

( , ) .
i i

i

u v u v

=

=∑  (3) 

Furthermore 
1024

{0, | 0 10,0 92},
i j

P F x i jδ≅ = ≤ ≤ ≤ ≤  for 
3 5 8 9 10 11

( )x x x x x xδ = + + + + + . 

The next theorem is proved in [5]. 

 

Theorem 3 [5] Up to equivalence there are 31611 codes over P  such that 
1

( )C
φ

φ
−

 

generates a binary self-orthogonal [66, 30] code with minimum distance 12. 
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All codes have generator matrix of the following type: 
5 6

7

1 2

8 9

3

4

0 0

0 0 ,

0 0

⎛ ⎞

⎜ ⎟
=
⎜ ⎟

⎜ ⎟

⎝ ⎠
t

e t t t

A e t t t

e t t

 

where {0, ,0 92}
j

i
t jδ∈ ≤ ≤ , 1, ,4,= …i  7; ,∈

j
t P  5,6,8,9.=j  

We list the cardinality of the automorphism groups of all constructed codes in table 1. 

 

Table 1. The order of the automorphism groups for 
1

( )C
φ

φ
−

 

| Aut( ) |C  11 22 44 55 66 110 132 264 550 660 6600 

number 

of codes 
28672 2738 141 6 39 3 6 3 1 1 1 

 

We have computed the first subcode ( )E C
σ

 in Theorem 3. Let us fix the E
σ

 part of 

 

gen

gen

gen

σ

σ

⎛ ⎞

= ⎜ ⎟

⎝ ⎠

E

C

F

  (4) 

and consider all permutation of the 11-cycles in ( )F C
σ

 that can generate different binary 

code C . Assume that we have a generator matrix B  of a [12,6] binary code that we can 

use in (4) substituting 
1

gen ( ).F B
σ

π

−

=  For a permutation 
6

Sτ ∈  denote by C
τ

 the self-dual 

code determined by the matrix (4) where as the generator matrix for F
σ

 we use ( )τ B . We 

fix the Hermitian part E
σ

 and consider the generator matrix of C  is (4) for all 
6

.Sτ ∈  

For a [66, 33, 12] binary self-dual code there are three possible form of the weight 

enumerator: 

12 14 16 18

66,1
1 1690 7990 302705 867035 ,W y y y y= + + + + +…  

12 14 16

66,2
1 (858 8 ) (18678 24 ) (201201 48 ) ,W y y yβ β β= + + + − + − +…  

where 0 778β≤ ≤  and 

12 14 16

66,3
1 (858 8 ) (18166 24 ) (205809 48 ) ,W y y yβ β β= + + + − + − +…  

where 14 756.β≤ ≤  

Codes exist with 
66,1

W ; with 
66,2

W  for 0,β =  2, 3, 5, 6, 8, … , 11, 14, … , 18, 20, … , 

29, 31, 32, 33, 35, 36, 37, 38, 40, … , 54, 56, 59, 60, 62, … , 69, 71, … , 74, 76, 77, 78, 80, 

83, 86, 87, 92 and with 
66,3

W  for 28,33,34,54,56, ,59,62β = …  and 66 (see [6]-[8]). 

In order to find all different matrices B  generated by the singly-even code we have to 

choose a splitting of the set of coordinates {1,2, ,6}…  into two disjoint sets 
c

X  – the cycle 

coordinates and 
f

X  – the fixed coordinates in such a way that the minimum distance of 

( )F C
σ

 is at least 12. By Theorem 1 the subcode C
π

 is the unique [6, 3] binary self-dual 

code 
2

3i  with generator matrix 

1 1 0 0 0 0

0 0 1 1 0 0 .

0 0 0 0 1 1

G

⎛ ⎞

⎜ ⎟
=
⎜ ⎟

⎜ ⎟

⎝ ⎠

 Since we have 6 cycles and 6 

coordinate positions it follows that {1, ,6}
c

X = … , 
f

X = ∅  and there is a unique generator 

matrix 
1

( ).B Gπ

−

=  

By calculation all codes C
π

 for 
6

Sπ ∈  we have the following result. 

 

Theorem 4 Up to equivalence there exist exactly 5122 binary [66, 33, 12] self-dual 

codes having an automorphism of type 11-(6, 0). 



НАУЧНИ  ТРУДОВЕ  НА  РУСЕНСКИЯ  УНИВЕРСИТЕТ - 2014, том 53, серия 6.1 
 

 - 20 -

All constructed codes have weight enumerator 
66,2

W  for 11kβ = , 0, ,8.k = …  We list 

the values of β  and the order of the automorphism groups of all constructed codes in 

Table 2. 

 

Table 2. The parameters of [66, 33, 12] codes all with 
66,2

W  

β  
number 

of codes 

| Aut( ) |C   

11 22 66 220 330 660 

0 317 300 15 1  1  

11 1044 1036 8     

22 1660 1633 26  1   

33 1229 1221 8     

44 600 587 13     

55 200 197 3     

66 60 58 1    1 

77 11 9 2     

88 1 1      

 

The values 55,77β =  and 88 were previously not known so we list the generators for 

a code with every new value in Table 3. 

 

Table 3. The generators of some of the new [66, 33, 12] codes 

β  
1 2 9

, , ,t t t…  support of C
π

 

55 0, δ , 
20

δ , 
2

δ , 
9

x , 
9 43

x δ , 
40

δ , 
9 86

x δ , 
9 36

x δ  {1,4} , {2,5} , {3,6}  

77 0, δ , 
20

δ , 
8

δ , 
3 5

x δ , 
3 48

x δ , 
67

δ , 
3 70

x δ , 
3 20

x δ  {1,4} , {2,5} , {3,6}  

88 
0

δ , 
3

δ , 
34

δ , 
21

δ , 
8 37

x δ , 
4 42

x δ , 
52

δ , 
7 59

x δ , 
8 38

x δ  {1,5} , {2,6} , {3,4}  

 

Note that the codes with |Aut(C)|=66, 330 and 660 are the double circulant codes 

from [9]. 
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