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Abstract: It is investigated the stiffness matrix of the arc finite element of a plane circumference with 
different supported at the ends. As a basic independent parameters are assumed the displacements on the 
tangent and on the normal to the axis of the element and the rotations in their joints. For the background is 
used curvelinear arc finite element with polynomial approximation and six degree of freedoms. The 
investigation is made through reduction of a forces in the source element. The elements are applied for 
solving of systems with axis arc of circumference.  
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Investigation of the stiffness matrix of the curvelinear element clamped – joint  
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Bilateral arc – circumference with the following characteristics  
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Joint 

 

Displacements 
Number of elements 

8 16 32 
xui  xvi  xi  xui  xvi  xi  xui  xvi  xi  

1 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 0,0000 0,0000 
2       7,9470e-7 8,8684e-7 1,3354e-6 
3    -1,938e-6 1,586e-6 6,607e-7 2,5847e-6 2,0371e-6 2,9796e-6 
4       6,0548e-6 3,8261e-6 5,1782e-6 
5 -6,670e-6 3,295e-6 2,641e-6 2,388e-6 4,868e-6 5,250e-6 1,1443e-5 6,7077e-6 7,5226e-6 
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6       1,8554e-5 1,1058e-5 9,6012e-6 
7    1,352e-5 1,292e-5 9,041e-6 2,6812e-5 1,7028e-5 1,1006e-5 
8       3,5351e-5 2,4416e-5 1,1339e-5 
9 6,712e-6 1,679e-5 6,566e-6 2,648e-5 2,571e-5 8,973e-6 4,3133e-5 3,2559e-5 1,0217e-5 

10       4,9615e-5 4,0237e-5 8,2674e-6 
11    3,585e-5 3,820e-5 6,216e-6 5,4525e-5 4,7456e-5 6,3457e-6 
12       5,8037e-5 5,4006e-5 4,2976e-6 
13 1,563e-5 3,233e-5 3,759e-6 4,092e-5 4,912e-5 3,195e-6 6,0277e-5 5,9556e-5 1,9698e-6 
14       6,1379e-5 6,3634e-5 -7,8667e-7 
15    4,236e-5 5,590e-5 -1,487e-6 6,1546e-5 6,5613e-5 -4,1146e-6 
16       6,1115e-5 6,4730e-5 -8,1476e-6 
17 1,636e-5 3,872e-5 -4,203e-6 4,166e-5 5,324e-5 -9,203e-6 6,0617e-5 6,0105e-5 -1,3008e-5 
18       6,0771e-5 5,1249e-5 -1,7392e-5 
19    4,278e-5 3,701e-5 -1,561e-5 6,2188e-5 3,9457e-5 -2,0002e-5 
20       6,5085e-5 2,6368e-5 -2,0980e-5 
21 2,020e-5 1,550e-5 -9,945e-6 4,849e-5 1,561e-5 -1,639e-5 6,9284e-5 1,3425e-5 -2,0489e-5 
22       7,4296e-5 1,7999e-6 -1,8716e-5 
23    5,690e-5 -2,121e-6 -1,294e-5 7,9413e-5 -7,6428e-6 -1,5864e-5 
24       8,3801e-5 -1,4376e-5 -1,2152e-5 
25 2,973e-5 -2,759e-6 -4,557e-6 6,328e-5 -1,158e-5 -6,734e-6 8,6597e-5 -1,8207e-5 -7,8103e-6 
26       8,7000e-5 -1,9260e-5 -3,0792e-6 
27    6,253e-5 -1,240e-5 7,327e-7 8,4352e-5 -1,7936e-5 1,7966e-6 
28       7,8213e-5 -1,4853e-5 6,5704e-6 
29 2,545e-5 -2,953e-6 3,620e-6 5,122e-5 -7,612e-6 7,944e-6 6,8410e-5 -1,0773e-5 1,0997e-5 
30       5,5077e-5 -6,5213e-6 1,4835e-5 
31    2,914e-5 -1,987e-6 1,339e-5 3,8669e-5 -2,8948e-6 1,7852e-5 
32       1,9957e-5 -5,6744e-7 1,9828e-5 
33 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 0,0000 0,0000 

 
Table 1b.  

 
Joint

 

Forces 
Number of elements 

8 16 32 
xN i  xQi  xM i  xNi  xQi  xM i  xN i  xQi  xM i  

1 29,862 10,005 0,0000 27,017 9,444 0,0000 27,0284 9,5094 0,0000 
2 
 

      -27,0289 
27,0289 

-6,8142 
6,8142 

8,0349 
-8,0349 

3 
 

   -26,916 
26,916 

-3,994 
3,994 

13,017 
-13,017 

-27,0289 
27,0289 

-4,0531 
4,0531 

13,4219 
-13,4219 

4 
 

      -27,0289 
27,0289 

-1,2523 
1,2523 

16,1281 
-16,1281 

5 
 

-26,44 
26,44 

2,131 
-2,131 

13,246 
-13,246 

-26,916 
26,916 

1,593 
-1,593 

15,953 
-15,953 

-27,0289 
27,0289 

1,5619 
-1,5619 

16,1363 
-16,1363 

6 
 

      -27,0289 
27,0289 

4,3629 
-4,3629 

13,445 
-13,445 

7 
 

   -26,916 
26,916 

7,139 
-7,139 

8,863 
-8,863 

-27,0289 
27,0289 

7,1243 
-7,1243 

8,0681 
-8,0681 

8 
 

      -27,0289 
27,0289 

9,8198 
-9,8198 

0,0355 
-0,0355 

9 
 

-26,44 
12,298 

12,772 
1,37 

-6,883 
6,883 

-26,916 
12,774 

12,445 
1,697 

-8,447 
8,447 

-27,0289 
12,8868 

12,4235 
1,7186 

-10,6073 
10,6073 

10 
 

      -12,8868 
12,8868 

-0,55 
0,55 

-9,261 
9,261 

11 
 

   -12,774 
12,774 

0,678 
-0,678 

-5,929 
5,929 

-12,8868 
12,8868 

0,6259 
-0,6259 

-9,114 
9,114 

12 
 

      -12,8868 
12,8868 

1,7973 
-1,7973 

-10,1688 
10,1688 

13 
 

-12,298 
12,298 

3,33 
-3,33 

-2,907 
2,907 

-12,774 
12,774 

3,051 
-3,051 

-8,625 
8,625 

-12,8868 
12,8868 

2,9526 
-2,9526 

-12,4205 
12,4205 
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14 
 

      -12,8868 
12,8868 

4,0798 
-4,0798 

-15,8564 
15,8564 

15 
 

   -12,774 
12,774 

5,319 
-5,319 

-16,623 
16,623 

-12,8868 
12,8868 

5,1676 
-5,1676 

-20,4558 
20,4558 

16 
 

      -12,8868 
12,8868 

6,2046 
-6,2046 

-26,1908 
26,1908 

17 
 

-12,298 
12,298 

7,713 
12,287 

-23,104 
23,104 

-12,774 
12,774 

7,375 
12,625 

-30,085 
30,085 

-12,8868 
12,8868 

7,1799 
12,8201 

-33,0253 
33,0253 

18 
 

      -12,8868 
12,8868 

-11,8208 
11,8208 

-21,3175 
21,3175 

19 
 

   -12,774 
12,774 

-10,503 
10,503 

-9,998 
9,998 

-12,8868 
12,8868 

-10,7121 
10,7121 

-10,7323 
10,7323 

20 
 

      -12,8868 
12,8868 

-9,5052 
9,5052 

-1,3285 
1,3285 

21 
 

-12,298 
12,298 

-7,793 
7,793 

2,751 
-2,751 

-12,774 
12,774 

-8,037 
8,037 

4,891 
-4,891 

-12,8868 
12,8868 

-8,2119 
8,2119 

6,8422 
-6,8422 

22 
 

      -12,8868 
12,8868 

-6,8447 
6,8447 

13,736 
-13,736 

23 
 

   -12,774 
12,774 

-5,325 
5,325 

14,994 
-14,994 

-12,8868 
12,8868 

-5,4161 
5,4161 

19,3163 
-19,3163 

24 
 

      -12,8868 
12,8868 

-3,9394 
3,9394 

23,5537 
-23,5537 

25 
 

-12,298 
12,298 

-2,633 
2,633 

10,977 
-10,977 

-12,774 
12,774 

-2,459 
2,459 

20,619 
-20,619 

-12,8868 
12,8868 

-2,4277 
2,4277 

26,4262 
-26,4262 

26 
 

      -12,8868 
12,8868 

-0,8945 
0,8945 

27,9191 
-27,9191 

27 
 

   -12,774 
12,774 

0,476 
-0,476 

21,952 
-21,952 

-12,8868 
12,8868 

0,6464 
-0,6464 

28,0247 
-28,0247 

28 
 

      -12,8868 
12,8868 

2,1816 
-2,1816 

26,7425 
-26,7425 

29 
 

-12,298 
12,298 

2,672 
-2,672 

10,226 
-10,226 

-12,774 
12,774 

3,396 
-3,396 

19,042 
-19,042 

-12,8868 
12,8868 

3,6975 
-3,6975 

24,0791 
-24,0791 

30 
 

      -12,8868 
12,8868 

5,1804 
-5,1804 

20,0486 
-20,0486 

31 
 

   -12,774 
12,774 

6,216 
-6,216 

11,799 
-11,799 

-12,8868 
12,8868 

6,6171 
-6,6171 

14,6718 
-14,6718 

32 
 

      -12,8868 
12,8868 

7,9946 
-7,9946 

7,977 
-7,977 

33 -12,298 7,763 0,0000 -12,774 8,848 0,0000 -12,8868 9,2999 0,0000 
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Joint 
 

Displacements 
Number of elements 

8 16 32 
xui  xvi  xi  xui  xvi  xi  xui  xvi  xi  

1 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 0,0000 0,0000 
2       -1,1215e-6 5,3051e-6 -1,4491e-7 
3    1,833e-6 1,097e-5 6,967e-6 -7,2387e-7 1,0931e-5 4,9207e-6 
4       4,9012e-6 1,8100e-5 1,2694e-5 
5 1,861e-4 5,871e-5 8,285e-5 2,324e-5 2,915e-5 2,215e-5 1,6825e-5 2,8309e-5 2,0628e-5 
6       3,4837e-5 4,1123e-5 2,7752e-5 
7    6,534e-5 6,033e-5 3,360e-5 5,7342e-5 5,9117e-5 3,3959e-5 
8       8,2292e-5 8,2345e-5 3,7486e-5 
9 4,573e-4 2,405e-4 5,938e-5 1,131e-4 1,088e-4 3,416e-5 1,0655e-4 1,0929e-4 3,6614e-5 

10       1,2801e-4 1,3639e-4 3,2648e-5 
11    1,484e-4 1,581e-4 2,356e-5 1,4507e-4 1,6322e-4 2,7592e-5 
12       1,5739e-4 1,8810e-4 2,0436e-5 
13 5,659e-4 3,808e-4 -2,436e-5 1,645e-4 1,960e-4 5,320e-6 1,6457e-4 2,0827e-4 1,0199e-5 
14       1,6757e-4 2,2090e-4 -1,5623e-7 
15    1,653e-4 2,067e-4 -1,242e-5 1,6772e-4 2,2779e-4 -7,3132e-6 
16       1,6662e-4 2,3130e-4 -1,1938e-5 
17 5,697e-4 3,390e-4 0,000 1,620e-4 2,024e-4 0,000 1,6506e-4 2,3332e-4 0,0000 
18       1,6698e-4 1,5887e-4 -9,2579e-5 
19    1,711e-4 7,513e-5 -7,849e-5 1,7543e-4 8,9279e-5 -8,6901e-5 
20       1,8861e-4 2,8608e-5 -7,7049e-5 
21 6,536e-4 -7,977e-5 -1,466e-4 1,955e-4 -2,151e-5 -5,766e-5 2,0394e-4 -2,0243e-5 -6,3929e-5 
22       2,1839e-4 -5,5655e-5 -4,8491e-5 
23    2,166e-4 -7,147e-5 -2,854e-5 2,2891e-4 -7,7289e-5 -3,1715e-5 
24       2,3276e-4 -8,6005e-5 -1,4599e-5 
25 6,698e-4 -2,034e-4 2,128e-6 2,142e-4 -7,640e-5 1,880e-6 2,2785e-4 -8,3692e-5 1,8580e-6 
26       2,1307e-4 -7,3034e-5 1,6669e-5 
27    1,770e-4 -5,200e-5 2,667e-5 1,8843e-4 -5,7199e-5 2,8871e-5 
28       1,5527e-4 -3,9498e-5 3,7542e-5 
29 3,524e-4 -5,240e-5 1,212e-4 1,098e-4 -2,068e-5 3,899e-5 1,1629e-4 -2,2996e-5 4,1811e-5 
30       7,5547e-5 -1,0123e-5 4,0874e-5 
31    3,646e-5 -1,729e-6 3,221e-5 3,8290e-5 -2,2777e-6 3,4002e-5 
32       1,0785e-5 5,2866e-7 2,0557e-5 
33 0,000 0,000 0,000 0,000 0,000 0,000 0,0000 0,0000 0,0000 

 
Table 2b 

 
Joint 

 

Forces 
Number of elements 

8 16 32 
xNi  xQi  xM i  xNi  xQi  xM i  xNi  xQi  xM i  

1 -51,314 -71,254 -230,773 170,036 48,103 15,707 175,2307 54,0483 28,47 
2 
 

      -175,2307 
175,2307 

-36,8918 
36,8918 

16,1521 
-16,1521 

3 
 

   -170,036 
170,036 

-14,312 
14,312 

45,913 
-45,913 

-175,2307 
175,2307 

-19,3801 
19,3801 

43,8247 
-43,8247 

4 
 

      -175,2307 
175,2307 

-1,6806 
1,6806 

54,3812 
-54,3812 

5 
 

51,324 
-51,324 

98,384 
-38,384 

45,539 
-45,539 

-170,036 
114,603 

20,059 
2,902 

43,221 
-43,221 

-175,2307 
119,7979 

16,0382 
6,9228 

47,7562 
-47,7562 

6 
 

      -119,7979 
119,7979 

5,3238 
-5,3238 

49,1509 
-49,1509 
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7 
 

   -114,603 
114,603 

20,411 
-20,411 

31,719 
-31,719 

-119,7979 
119,7979 

17,5261 
-17,5261 

38,7167 
-38,7167 

8 
 

      -119,7979 
119,7979 

29,568 
-29,568 

16,5089 
-16,5089 

9 
 

36,647 
-36,647 

59,021 
0,979 

-84,628 
84,628 

-114,603 
72,177 

43,067 
-0,64 

-23,449 
23,449 

-119,7979 
77,3715 

41,3344 
1,092 

-17,3481 
17,3481 

10 
 

      -77,3715 
77,3715 

6,3313 
-6,3313 

-19,0456 
19,0456 

11 
 

   -72,177 
72,177 

14,31 
-14,31 

-32,257 
32,257 

-77,3715 
77,3715 

13,7017 
-13,7017 

-28,116 
28,116 

12 
 

      -77,3715 
77,3715 

20,9469 
-20,9469 

-44,5122 
44,5122 

13 
 

28,63 
-28,63 

-0,402 
60,402 

-123,621 
123,621 

-72,177 
49,216 

27,52 
27,913 

-70,192 
70,192 

-77,3715 
54,4105 

27,9956 
27,4372 

-68,1418 
68,1418 

14 
 

      -54,4105 
54,4105 

-22,6393 
22,6393 

-43,4428 
43,4428 

15 
 

   -49,216 
49,216 

-19,154 
19,154 

-24,962 
24,962 

-54,4105 
54,4105 

-17,6235 
17,6235 

-23,7802 
23,7802 

16 
 

      -54,4105 
54,4105 

-12,4398 
12,4398 

-9,271 
9,271 

17 
 

49,566 
-49,566 

-66,963 
96,963 

0 
0 

-49,216 
49,216 

-9,705 
39,705 

0 
0 

-54,4105 
54,4105 

-7,1393 
37,1393 

0 
0 

18 
 

      -54,3013 
54,3013 

-31,639 
31,639 

31,4059 
-31,4059 

19 
 

   -58,797 
58,797 

-29,506 
29,506 

51,239 
-51,239 

-54,3013 
54,3013 

-25,8676 
25,8676 

57,3608 
-57,3608 

20 
 

      -54,3013 
54,3013 

-19,8687 
19,8687 

77,7358 
-77,7358 

21 
 

-234,416 
234,416 

-220,416 
220,416 

140,191 
-140,191 

-58,797 
58,797 

-16,607 
16,607 

82,603 
-82,603 

-54,3013 
54,3013 

-13,6975 
13,6975 

92,4287 
-92,4287 

22 
 

      -54,3013 
54,3013 

-7,4102 
7,4102 

101,3684 
-101,3684 

23 
 

   -58,797 
58,797 

-3,294 
3,294 

93,388 
-93,388 

-54,3013 
54,3013 

-1,0635 
1,0635 

104,5149 
-104,5149 

24 
 

      -54,3013 
54,3013 

5,2856 
-5,2856 

101,859 
-101,859 

25 
 

-221,787 
221,787 

-203,782 
203,782 

217,341 
-217,341 

-58,797 
58,797 

10,034 
-10,034 

84,136 
-84,136 

-54,3013 
54,3013 

11,5802 
-11,5802 

93,4224 
-93,4224 

26 
 

      -54,3013 
54,3013 

17,7637 
-17,7637 

79,2571 
-79,2571 

27 
 

   -58,797 
58,797 

22,983 
-22,983 

54,77 
-54,77 

-54,3013 
54,3013 

23,7804 
-23,7804 

59,4459 
-59,4459 

28 
 

      -54,3013 
54,3013 

29,5752 
-29,5752 

34,1021 
-34,1021 

29 
 

-242,071 
242,071 

-225,447 
225,447 

36,815 
-36,815 

-58,797 
58,797 

35,149 
-35,149 

4,611 
-4,611 

-54,3013 
54,3013 

35,0946 
-35,0946 

3,3696 
-3,3696 

30 
 

      -54,3013 
54,3013 

40,2864 
-40,2864 

-32,5768 
32,5768 

31 
 

   -58,797 
58,797 

46,111 
-46,111 

-67,569 
67,569 

-54,3013 
54,3013 

45,1005 
-45,1005 

-73,5315 
73,5315 

32 
 

      -54,3013 
54,3013 

49,4887 
-49,4887 

-119,258 
119,258 

33 -246,679 -300,922 -566,265 -58,797 55,42 -163,443 -54,3013 53,4056 -169,4885 
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