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INTRODUCTION

This paper is a sequel to (Michailov, 1., lvanov, 1. (2018)). Let us first introduce some notations.
The cyclic group of order n we denote by C,. The subgroups G, =G and G;, =[G,G_,,] for i >1
are called the lower central series of G . Let G =(H,«) be a p-group, where H is a normal abelian
subgroup of G and a” eH . Denote H? ={h?:heH} and H(p)={heH :h? =1 hg H"}. For
any feH define N, (8)=(a*pa”:0<x< p-1), the normalizer of () in G.

Bender (Bender, H. A. (1927-1928)) determined some interesting properties of these groups.
Although these results help to understand the structure of these groups, the classification problem still
remains open. To the authors is not known any other attempt at that direction for nearly a century.
Our goal is to make a complete description of all possible group types when the p-th lower central
subgroup G, is trivial. Namely, we will provide the decomposition in direct normal factors together

with the commutator rules. This description will be used to study Noether’s problem in future works
of the authors. For further reading regarding classification problems of p-groups, the reader is referred
to (Berkovich, Y. (2008), Berkovich, Y., J. Zvonimir (2008), Berkovich, Y., J. Zvonimir (2011)).

EXPOSITION

In the following Theorem we find a decomposition of an arbitrary abelian group H as a direct
product of subgroups that are 'almost’ normal in G ..

Theorem 1. Let p be prime and let G be a group of order p" for n>2 with an abelian normal
subgroup H of order p"". Choose any o €G such that « generates G/H ,ie., ae¢H,a’ eH.

! partially supported by Scientific Research Grant RD-08-118/04.02.2019 of Shumen University.
-10 -


mailto:i.michailov@shu.bg
mailto:ivan.ivanov@shu.bg
mailto:pmg.iv.dimitrov@abv.bg

PROCEEDINGS OF UNIVERSITY OF RUSE - 2019, volume 58, book 6.1.

Assume also that the p-th lower central subgroup G, , is trivial. Then there exist elements

(p)
a,,...,a, € H such that the following conditions are satisfied:
I. H =(a)x--x{a,)x---x{ex,) fOor some r=>s,ie., «a,...,a, are generators of direct cyclic

factors of H ; Let ord(e;) = p¥ for 1< j<r.

ii. H =Ng () --Ng(e,), ie., H is a product (not necessarily direct) of the normalizers of
a,..., 0.
iii. Forany i:1<i<sif ¢ isin Z(G),then N;(e,) =(a,);if ¢; isnotin Z(G) then there exists
anatural number k; < p and generators ¢, ..., e, € Ng(;),suchthat o = o, [y, @] =
for 1< j<k-Le is in the centre Z(G). Moreover, if «;, is not in Z(G), then

(Gigse vty 1) <H(P)-

iv.  For any j:1<j<s such that aj,eH(p), put H;=(aj...a;), if ajkjeH(p);
H; =(aj,....ay 1), if ay eH(p); H =(a;H;). For any j:1<j<s such that
a,eH(p), put H; =(a;). Then H[ Hx---xH,. Moreover, if ay, €H(p) then
Hy =N ()0 C, x(C)" ™ if ay 2 H(p) then H;[1C , x(C,)"".

Proof. If H? ={1}, i.e., H s a direct product of cyclic groups of order p we can apply
[Michailov, 1., Ivanov, I. (2018), Theorem 2]. Henceforth, we assume that there is a generator of H
of order p* for a>1. If H(p)=0, i.e., any generator ¢; is of order p* for a >1, then clearly
Hj =(a;) for 1< j<r and all conditions are satisfied. Henceforth, we assume also that there is a
generator of H of order p.

Step I. In this Step we are going to show that there exist «,...,a, € H such that conditions (i)-
(iii) are satisfied. First, let us decompose H as a direct product of cyclic groups: H =(e;) x---x{e,)

. If all generators of H are central in G, then G is abelian and our theorem is obvious. Therefore,
we will assume that there exists at least one generator which is not central. For any i:1<i<r such

that «; is not central in G, define «;, =¢;. Since G, ={1}, there exist «,,...,«, €H for some
k,:2<k; < p such that [e;

ij?
from the well known formula

»
a]=ay,,, where 1< j<k -1 and o, =1 is central. Since o® isin H,

(5],

— P p_
Q) =0 00 =050 Qg Oy Oy,
where we put ¢, =---=a,,, =1, it follows that
() (8).. (&)
1) |2 KL
Ay oy oy =1

Hence («;, -Ha;’j)p =1 for some integers b; . This identity clearly is impossible if the order
j#2

of a, is greater than p. Moreover, we have o 'afa =afa) =af, s0 a™afa=af forall j,ie,
HP <Z(G). According to [Michailov, I., lvanov, |. (2018), Lemma 1] we have that
Ng (o) ={ey,....o ). From HP<Z(G) it follows also that if «;, is not in Z(G), then
(Xiny-- vty Y<H(P);if o, =1,ie., o, isin Z(G), then N; () =(e;) .

Amolng all generators of H we can choose a subset of generators that have the maximal length
k, of their commutator chain. If there are more than one generator in this chosen set, we choose a

generator with the smallest order. Denote this generator by ¢, . Thus, we have that k, >k; for all
i:1<i<r and ord(e,) <ord(e;) forall i suchthat k; =k, .Similarly, if H # N (¢;) , we may choose
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generators o, e H, Ng(e)---Ng(e, ), for 2<i<s<r (after eventual renumbering), such that
H = Ng ()N (ar,) - Ng () . Therefore, conditions (ii) and (iii) are satisfied.

Step I1. In this Step we are going to show that there exist new generators «,,...,a, € H such
that H N (H,---H))={}, where H/ corresponds to H, for ¢/. In the light of the above
considerations, we may assume that k; >k, >--->k;>1 and if k =k; for some i< j, then
ord(e;) <ord(e;) . We can also assume that «, is not central, otherwise all the remaining generators
are also central, so H = H x H, x---x H, and we are done.

Observe that the elements «,,, a,,,...€ H, are independent generators of N;(¢;) for 1<i<s.

Indeed, if we assume that o, = o P H o’ for 0<b < p-1 and some x; =0, we will get an
1<j<k

endless commutator chain, which is impossible, G being nilpotent. However, it is possible that
Oy Oy - -, Oy are dependent modulo Ng(e), ie., lk_zlazxj eNg(e), {1} for x,:0<x <p-1.If
j=1

we suppose that x; =0 and x; =0 for some 1< j, < j, <k, , we will obtain an endless commutator
chain. Thus the only possibility is that there exists ¢, <k, suchthat «,, € Ng(e,), {§} andif /,>1
then ay,...,a,, 4 #Ng(a), {8

We can write a,, = By, where feH, and y e (alpakl) . According to [5, Lemma 1], B appears
in a commutator chain starting with a generator ¢, such that Ng(e)=N; (&), i.e., there exist
o 0q, €Ng(ag), such that o, =a[oy), @] =y, for 1< j</,-1 and o, =p for some
¢, <k, . Notice that k, — ¢, =k, —/,, because after g the two commutator chains coincide. Since we
assumed that k >k,, we get ¢, >/,. Define a;=ay,", s, and oy =o.[a),a]=aj;, for
1< j</¢,-1. Notice that if ¢, =/, then «,=0c,'a, is a valid change since we assumed that
ord(e,) <ord(e,) . Therefore, o, =y and if we put H, = Ng (a;) "H(p) , then H, nH, ={1}.

If there exists another generator, say o, ¢ Ng(e;)Ng(e;), we may proceed in a similar
manner. Namely, suppose that for some t>2 there exist generators a,,...,c such that
ay =ao o, al=a;,, and {of 11< j<(; -1,2<i <t} are generators of H with the property that for
H'=N;(e)nH(p), 2<i<t, then H N (H,---H/) ={8}. We proved this assertion for t=2, and
we will show that it holds for t+1.

t il Kisa
Assume that «,,, & Ng(2)Ng (@) --Ng (@) and T[] Je™ - [ Jeuss) € No(ew), {8 If we
i=2 j=1 j=1

suppose that x,;, #0 and x,,; =0 for some 1< j, < j, <k, we will obtain a contradiction with
the nilpotency of G. Thus the only possibility is that there exists ¢, , <k, , such that

t -1

. =PI ]e”  where peH, ye(af™) and if ¢, >1 then the elements o a

ij t+117 0 0 M, -
i=2 j=1

are notin Ng(e)Ng(ay) - Ng () .

According to (Michailov, 1., Ivanov, 1. (2018), Lemma 1) (4), S appears in a commutator chain
starting with a generator ;" such that Ng () = N (), i.e., there exist of),..., ), € Ng(ey), such
that oy =a\[egj,al=aq;,, for 1<j</-1 and o, =p for some (;<k. Notice that
k,—?¢; <k, —,,. (Here we might have an inequality, when «/

t+10 K,

, 2Z(G) .) Since we assumed

: 1
that k >k, we get (,>/,. Define o, =ay,  son, and oy =ol,[oy al=a for

+1j7? +1j+1
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1< j</,,-1. Therefore, o, :ﬁﬁa{jy“ e Ng(a,)---Ng(e,), so Hn(H,---H/ ) ={. We
i=2 j=1
can continue this process until we finish the generators of H . Thus we will obtain finally that
H = Ng (¢)Ng(er,)- - Ng («,) for some new generators denoted again by «,,...,a, of direct cyclic
factors such that H, n(H,---H,) ={1}.
Step I11. We apply Step 11 consecutively for Ng(,)---Ng (), Ng(e3)---Ng (), ..., Ng(ex,)
. In this way we get new generators denoted again by «,,...,c, of direct cyclic factors such that
H N(H,,---H,)={1} for 1<i<s-1. This implies that
H ] [H, ={, fori<i<s. (1)

j#i

i+1°

Finally, for 1< j<s such that aizeH(p), put HJ. =(a;H,). For any j:1<j<s such that
ap €H(p), 18, aj, e(a™), put H, =(a;). From (1) it follows that H [ H,x---x H, . Moreover,
if ;, €H(p) then H, =Ng (@) 0 C, x(C,)";if @y ¢ H(p) then H1C , x(C,)" 7. L

Finally, we are ready to prove the main classification Theorem.
Theorem 2. Let p be prime and let G be a group of order p" for n>2 with an abelian subgroup

H of order p"*. Choose any a € G suchthat « generates G/ H ,i.e., a ¢ H,a” € H . Assume that
the p-th lower central subgroup G, is trivial. Then H =H,xH, x---xH, (for some k>1) is a

direct product of subgroups, where each H, is also a direct product of subgroups:
H; =H; xH;,x---xH; (for some j; >1 and for all i=1,...,k). For any i>1 we denote by Z; the
elementary abelian p -subgroup of H, xH, x---x H, generated by the powers ﬁ,}’bﬁl for all generators
B, of H;xH,x---xH, of order p* (for b, >1). Put Z, ={&}. Then for any i, the subgroup H, is

isomorphic to one of the following six types:
. H,=H,[O Cpbl generated by an element 3 suchthat [3,aleZ, ,, ord(B) = p* for b >1;

H =Ng(8) (modZ,), where N.(B)=(H,.[B,al) isthe normalizer of H, in G.

I H=H;ONg(B)UC, x(C,)*" for b 21k >2, generated by £, =4,[4; al=pB,.;
By, €H(P)NZ(G); ord(5) = p*.

. H=H,0C, x(C,)%? for by>2k >2, generated by S, =4 and B,,=[8,.a] for
1< j<k -2; Ne(8)=(Hu. By where B €Z;; ord(B) = p*;
H =Ng(8) (modZ,,).

IV H=HyxH,xeoxHy (C x(Cp)E 7)< (C x(C,)%") for t>2, generated by
Bo=p and B, =B, a] for 1< <k =2; Ng(B)=(Hiy, By )N (B;) =(Hy. By )
B =B (modZ,), By, =B (ModZiy),...fya =B (ModZ,), By €Z;
ord(B)=p",b =2,k >2; H =Ng(B)--Ng(8,) (modZ,).

bji—l
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Vo H = HyxHp xeoxHy 0(C, x(C) %) x-+x(C x(C,)%™) for t>2, generated by
B, =P, and Bia=18;.a] for 1< j<k -2; Ng(8) =(Hi, B v NG(ﬂjl) =(H; 1:8,',kji )

ﬁlkl :ﬁzpr (mOd Zi_l),ﬁzkz _ 3pb3‘1 (mod Zi_l)’...’ﬂji_lkjifl :ﬂj? (mOd Zi—l);

Bix, € H(p)NZ(G),ord(B)=p" b =2,k >2H, = Ng(B)---Ng(B;) (modZ;.,).
VI H=HxH,xxH; 0(C, x(Cp)kfz)x---xCpbj_ for t>2, generated by S,=4 and

ﬁij+l:[ﬁij’a] for lSjSki_Z; NG(ﬁl):<Hil’ﬂlk1>""’NG(ﬂji):<Hiji’ﬂjik]~i>’

p2 pt

:31|<l = P2 (mOdZi—l)’ﬂZkz =3 (mOd Zi—l)"“’ﬂji—lkji,l :ﬂj?bjrl (mOd Zi—l);
[ﬁji1a]ezi—1;q 22, ki 22H; = NG(ﬂl)'“NG(ﬂji) (mOdZi—l)'

bji—l

Proof. Let the generators «,..., o, satisfy the conditions of (Michailov, I., lvanov, 1. (2018),

Theorem 2). Although in the proof of (Michailov, I., Ivanov, I. (2018), Theorem 2) we assumed some
ordering, regarding the commutator chains and the orders of the generators, in this proof we will not
make this assumption. Since our proof will be algorithmic, we assume that for some i >1 there exist
groups H,={1},H,,...,H,,, where if i>1, the groups H,,...,H,, are of types I-VI, such that

H=H,x---xH, , xH, for some subgroup H of H . If H={1}, we are done. Now let H={l}. Then
there exist generators, say «;,...,a, € H.

Step 1. If ¢, iscentral in G modulo Z, ; then H, =H,, =(«,) is of type I. If o, is not central
but (¢,) is normal in G modulo Z, , then H, =H, =(«a,) is of type Il (for k, =2).
Now, let (a;) be not normal in G modulo Z, ,. According to (Michailov, I., Ivanov, I. (2018),
Theorem 2) there exists a natural number k, :2<k, < p and generators a,,...,e, €Ng(a;), such
that o, =a,[a), @] =, for 1< j<k -1 and o, isin the centre Z(G). If ,, eH(p) then
H =H,; =(a,,....a, ) is of type Il If o e(a™"y modulo Z,_,, where p* =ord(c), then
H, =H,; =(a,,....a, ,) isof type IlI.

t aj—l
Next, we suppose that ay, € H” and ay 2(ef” ) modulo Z . Then e, =[]a;"
j=1
modulo Z,,, where p*=ord(e;), and at least one of b,,..,b, is not 0. Let
a, =min{a; :b; #0,j>2}. If a, >a,, we put al':afﬂl—!a?jpajal . Since a;—a,>0 forall j=1,
=
the product 1_[05?“'"3]'761 is in the centre of G, s0 &, =ag =" modulo Z, . Therefore the
j#l

group H; =H;, ={a,,...,o ) isof type lll.

We are going to consider henceforth the only remaining case: a, <a. We put
o) = ai“’lHa?”parah . Clearly, ord(a}) =ord(e, ), so this is a legitimate change of the generator

i#h

a; (i.e, (a)) is again a direct factor of H). Moreover, all conditions (i)-(iv) from (Michailov, I.,
Ivanov, I. (2018), Theorem 2) remain valid for the new set of generators al,az,...,agl,...,as. We

aj -1
also have that o, =a}”" modulo Z,.
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Step 2. We follow the pattern of Step 1 for the new generator a; - Since the original generators
are not ordered (according to their orders), we may assume that this new generator is «,, that is

oy, = a" modulo Z, ,. Of course, we must keep the condition a, <a, from Step 1. If «, is central
in G modulo Z;,, then H; =H, xH,, =(a; :1< j <k —L)x{a,) = N ()N (ar,) is of type VI. If

- a ap-1
a, is not  central but ay, (e ) ) modulo Z.,, then

H, =H,xH;, =(a; 1< j <K —Dx{a,, :1< <k, -1 is of type IV, and H, =Ng()Ng(x,)
modulo Z; ;. If o, eH(p) then H, =(o;:1< j<k -Dx(a,, :1<(<k,) is of type V, and
H, = Ng(e,)Ng (e,) modulo Z, ;.
t aj1
Next, we suppose that o, eH® and a,, (" *,af”") modulo Z . Then o, =[]a}"
j=1
modulo Z,,, where p%=ord(e;), and at least one of b,,...,b,, is not 0. Let
a, =min{a, :b,; #0, j>3}. If a; >a,, weput o, =a§zzr!a;’“pa"” .Since a; —a, >0 forall j>3
>
, the product Ha?“paraz is in the centre of G, 50 ap, =™ o modulo Z,_,. Therefore the
j#3
group  H; =H;xH;, =(a; 1< j<k -Dx(a, :1<(<k,-L is of type IV, and
H, = Ng()Ng (er,) modulo Z, .
We assume henceforth that a, <a,. Since a; <a; for all j>3, we may put

a; = a?j” H a?“parajz . Clearly, ord(e} ) =ord(e; ), so this is a legitimate change of the generator
j* .23
a; (e, (a}) isagain adirect factor of H ). Moreover, all conditions (i)-(iv) from [5, Theorem 2]

aj,-1
rpiz

remain valid for the new set of generators al,az,...,agz,...,as. We also have that Ay, =,

modulo Z, ;.

Step 3. We apply the argument of Step 2 for the new generator «; . We may assume that this

new generator is «;, thatis a,, = " modulo Z, ,. We must keep the condition a, <a, from Step
2. In all cases except one, we obtain a group H,; of type IV, V or VI. The only case which remains

produces a new generator o such that o, :a;faj‘rl modulo Z, ,. We again apply Step 2 for this
new generator denoted by «,. Since H has a finite number of generators, we see by inductive
reasoning that in any case we will obtain a normal subgroup H, of G of type 1V, V or VI such that
H =H,x---xH,xH for some subgroup H of H. In this way we will obtain in the end the
decomposition given in the statement of our theorem. 0
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