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Abstract:  Financial markets and financial instruments have experienced many changes during the last 

decades. But despite these developments, the gold has begun to regain its historical significance in recent years. This 

study includes a brief introduction to the importance of gold for the global financial system and to the method of 

surpluses exceeding the maximum threshold, as well as its application in the analysis of the market risk for gold price. 

A forecast assessment of the Value at Risk and the Expected Shortfalls for the period of years from 2021 to 2030 has 

been made. An ordinary differential equation and cftool in Matlab were also applied in calculations of the predictive 

estimates of  𝑉𝑎𝑅 and 𝐸𝑆. 
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INTRODUCTION 

Peaks over threshold method (POT) is one of the main approaches for practical extreme 

value analysis. It is based on the consideration of the extreme values of a statistical sample, which 

exceed a previously defined threshold value. The present study begins with a description of the 

importance of gold for the global financial system and continues with an introduction to peaks 

over threshold method, as well as its application in the analysis of market risk for the price of gold, 

using a statistical sample of historical data from 1971 to 2020. A predictive estimates of the Value 

at Risk (𝑉𝑎𝑅𝑝̂) and the Expected Shortfall (𝐸𝑆̂𝑝) has been calculated for the period from 2021 to 

2030 with safety factor of 𝑝 = 1%. Ordinary differential equation is used to calculate the 

predictive estimates of 𝑉𝑎𝑅̂𝑝 and 𝐸𝑆̂𝑝. Gold is one of the most valuable natural resources due to 

its influence and importance for trade and the stability of the global financial and economic system. 

In 2020, gold began to regain its historical significance and role, which could be the key to opening 

new horizons and opportunities for human civilization. 

 

EXPOSITION 

The history of gold has long been associated with money, but after World War II, gold 

gradually lost its role in developed economies. At the end of the war, a monetary system, which is 

known as the Bretton Woods system was created. This system lasted until 1971, when the United 

States unilaterally abolished its gold standard, which had set the convertibility of gold with the 

dollar at USD 35.00 per troy ounce. The Bretton Woods system is an international system for the 

organization of trade payments and exchange rates, established as a result of a special international 

conference from 01 to 22 July 1944 in Bretton Woods, USA. At this conference it was decided to 

organize the world monetary system around the US dollar, which in turn will be linked to a fixed 
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price of gold. Thus, the US dollar became a global currency. In November 1961, the London Gold 

Pool was formed, which brings together the gold reserves of eight US banks and the central banks 

of seven European countries to keep the price of the precious metal at USD 35 an ounce and 

prevent the price of gold from rising.  However, as the Vietnam War has deepened US budget 

spending increased and the world was flooded with increasingly depreciating paper dollars. In 

March 1968, a two-tier gold market was introduced with a free-floating private market and official 

fixed parity transactions. The two-tier system is fragile in nature. The US deficit problem has 

continued and intensified. As speculation against the dollar intensified, other central banks became 

increasingly reluctant to accept dollars in settlement. The situation became unbearable, and finally 

on August 15, 1971, President Nixon announced that the United States would stop converting the 

dollar on demand into gold for the central banks of other countries. 

After the end of the Bretton Woods system, gold began to be traded freely on world markets 

and any kind of gold standard became unfeasible. A few years later, after the oil crisis in 1973, the 

world economy shifted to a new system, later called the Petrodollar system. It has turned the dollar 

into a global reserve currency, and through this status the United States enjoys a constant trade 

deficit and global economic hegemony to nowadays. After 2020, the petrodollar fiat system is 

facing its biggest challenge to date, and is partly dragging the global economy into a deep 

economic crisis. Some economists call it the "Crisis of the Century" and/or state that we need a 

New Bretton Woods. 

Based on the recent global economic past and the importance of gold for the world economy 

and world markets, this publication will provide a mathematical analysis of the behavior of gold 

and the risk of a sharp rise in price. Estimates of the Value at Risk and the Expected Shortfall will 

be made. For the purpose of the analysis, the peaks over threshold method will be used, which is 

one of the two approaches for practical analysis of extreme values. This analysis is used as a tool 

to analyze and study the values of the sample, which deviate exclusively from the average value 

of the complete sample. The method of peaks over threshold is based on the consideration of 

extreme values of a statistical sample. The basic concept of the method is to use a threshold to 

isolate values considered finite from the rest of the data, and to create a model for the finite values 

by modeling the tail of all values exceeding this threshold. In practice this is done by setting a 

threshold 𝑢 − a value defined in ℝ, which exceeds most but not all values, defined in some time 

series or some other vector of values (Franke, Härdle & Hafner (2008)). 

Assessing the probability of rare and extreme events is an important issue in financial risk 

management. Extreme values theory provides the necessary basis for statistical modeling of such 

events, and of extreme risk measures. Some of the most common issues related to financial risk 

management are related to the assessment of extreme quantiles. This corresponds to determining 

the value that a given variable exceeds with a given probability. Value at risk is an example of 

such a measure (𝑉𝑎𝑅).  

Value at Risk is defined as the capital sufficient to cover the losses of the portfolio for a 

certain period of time. We assume that the random variable 𝑋 with a continuous distribution 

function 𝐹 models the losses of a certain financial instrument for a certain period of time. The 

value 𝑉𝑎𝑅𝑝 could be defined as the 𝑝-th quantile of the distribution function 𝐹. 

𝑉𝑎𝑅𝑝 = 𝐹−1(1 − 𝑝),                                                                     (1) 

Here 𝐹−1 is the so-called function of quantiles, which is inverse of the distribution function 𝐹.  

Expected Shortfall (𝐸𝑆) is another informative measure of the risk or contingent expectation 

that estimates the potential amount of loss in excess of 𝑉𝑎𝑅:  

𝐸𝑆𝑝 = 𝐸(𝑋|𝑋 > 𝑉𝑎𝑅𝑝)                                                               (2) 

In other words, the Expected Shortfall is a risk concept used in the field of measuring 

financial risk to assess market risk or credit risk of the portfolio. Expected Shortfall is an alternative 

to the Value at Risk, which is more sensitive to the shape of the tail. Expected Shortfall is also 
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called conditional value at risk (CVaR), average value at risk (AVaR), expected tail loss (ETL) 

and superquantile. Shortfall is considered to be more useful in measuring the risk than 𝑉𝑎𝑅. 

 

Marginal distribution of observations exceeding the maximum threshold 

The maximum threshold method takes into account the distribution of values exceeding a 

defined threshold. Figure 1 shows an (unknown) function of distribution 𝐹 of  a random variable 

𝑋. The object of interest is the evaluation of the distribution function 𝐹𝑢 of the values of 𝑥, 

exceeding a certain threshold 𝑢. The distribution function 𝐹𝑢 is called a conditional distribution 

function of values exceeding the maximum threshold and is defined as: 

𝐹𝑢(𝑦) = 𝑃(𝑋 − 𝑢 < 𝑦|𝑋 > 𝑢), 0 < 𝑦 < 𝑥𝐹 − 𝑢 , 

where 𝑋 is a random variable, 𝑢 is a threshold, 𝑦 =  𝑥 − 𝑢 is equal to the value of 𝑋 exceeding 

the threshold 𝑢  and  𝑥𝐹 ≤ ∞ is the rightmost endpoint of 𝐹.  𝐹𝑢 could be written using 𝐹 in the 

following way. 

𝐹𝑢(𝑦) =
(𝐹(𝑢 + 𝑦) − 𝐹(𝑢))

1 − 𝐹(𝑢)
=
𝐹(𝑥) − 𝐹(𝑢)

1 − 𝐹(𝑢)
                                       (3)  

 
Figure 1. Distribution function 𝐹(𝑥) and conditional distribution function 𝐹𝑢(𝑦) 

 

The values of the random variable 𝑋 are mostly located between 0 and 𝑢 and therefore the 

estimate of 𝐹 in this interval usually is not a problem. However, estimating 𝐹𝑢 can be difficult, as 

there are usually very few observations in this area. The extreme value theory gives a powerful 

result for the conditional distribution function of values exceeding a sufficiently high (maximum) 

threshold, which is given in the following theorem: 

Theorem 1. (Pickands (1975), Balkema and de Haan (1974)). For a large class of 

distribution functions 𝐹 the conditional distribution function 𝐹𝑢 на of peaks over values exceeding 

the maximum threshold, for large 𝑢 is well approximated by the following function: 

𝐹𝑢(𝑦) ≈ 𝐺𝜉,𝜎(𝑦), 𝑢 → ∞ 

where 

𝐺𝜉,𝜎(𝑦) = {
1 − (1 +

𝜉

𝜎
𝑦)

−
1

𝜉

, 𝑤ℎ𝑒𝑛 𝜉 ≠ 0 

1 − е−𝑦 𝜎⁄              , 𝑤ℎ𝑒𝑛 𝜉 = 0 

                                                (4)  

for 𝑦 ∈ [0, (𝑥𝐹 − 𝑢)], when 𝜉 ≥ 0 and 𝑦 ∈ [0,−𝜎 𝜉⁄ ], when 𝜉 < 0. 𝐺𝜉,𝜎(𝑦) is called generalized 

Pareto distribution (GPD) .  

If 𝑥 is defined as 𝑥 =  𝑢 +  𝑦, then the generalized Pareto distribution can be expressed as 

a function of 𝑥 as follows:  
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𝐺𝜉,𝜎(𝑥) = 1 − (1 +
𝜉(𝑥 − 𝑢)

𝜎
)
+

−
1

𝜉

 

The parameter of the tail 𝜉 gives an indication of the tail weight, the larger 𝜉 the heavier the 

tail. 

• At 𝜉 > 0, long-tail distribution is obtained – standard Pareto distribution.  

• At 𝜉 → 0, exponential distribution with an average value 𝜎 is obtained. 

• At 𝜉 < 0, distribution with an extreme boundary point on the right is obtained − 𝜎 𝜀⁄ . 

 

As there can generally be no upper limit for financial losses, only distributions with values 

of the parameter 𝜉 ≥ 0 are suitable for modeling the distributions of returns of financial 

instruments. If we accept that the generalized Pareto distribution is the distribution of the tail, then 

we can obtain analytical expressions for 𝑉𝑎𝑅𝑝 and Е𝑆𝑝 as functions of the parameters of 

generalized Pareto distribution. Expressing 𝐹(𝑥) from (3) we obtain: 

𝐹(𝑥) = (1 − 𝐹(𝑢))𝐹𝑢(𝑦) + 𝐹(𝑢)  

After substitution of 𝐹𝑢 with the generalized Pareto function and 𝐹(𝑢) with (
𝑛−𝑁𝑢

𝑛
), where 

𝑛 is the total number of observations and 𝑁𝑢 is the number of observations over the threshold 𝑢, 

we obtain:  

𝐹̂(𝑥) =
𝑁𝑢
𝑛

(

 1 − (1 +
𝜉

𝜎̂
(𝑥 − 𝑢))

−
1

𝜉̂

)

 + (1 −
𝑁𝑢
𝑛
) , 

which could be simplified to 

𝐹̂(𝑥) = 1 −
𝑁𝑢
𝑛
(1 +

𝜉

𝜎̂
(𝑥 − 𝑢))

−
1

𝜉̂

                                              (5) 

Then from equations (1) and (5) for a given probability 𝑝 is obtained: 

𝑉𝑎𝑅̂𝑝 = 𝑢 +
𝜎̂

𝜉
((
𝑛

𝑁𝑢
𝑝)

−𝜉

− 1)                                                  (6) 

Equation (2) for expected shortfall could be written as:  

𝐸𝑆̂𝑝 = 𝑉𝑎𝑅̂𝑝 + 𝐸(𝑋 − 𝑉𝑎𝑅̂𝑝|𝑋 > 𝑉𝑎𝑅̂𝑝) 

where the second term on the right is the expected value of the excess over the threshold 𝑉𝑎𝑅̂𝑝. It 

is known that the mean excess value for generalized Pareto distribution with parameter 𝜉 < 1 has 

the form: 

е(𝑧) = 𝐸(𝑋 − 𝑧|𝑋 > 𝑧) =
𝜎 + 𝜉𝑧

1 − 𝜉
, 𝜎 + 𝜉𝑧 > 0                                  (7) 

This function gives the mean excess value of 𝑋 at various values of the threshold 𝑧. Another 

important result for the existence of moments is that if 𝑋 has a generalized Pareto distribution, 

then for all natural numbers 𝑟, such that 𝑟 <
1

𝜉
, the first 𝑟 moments will exist. 
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Using Equation (2) for Expected Shortfall and the equation (7) above, by substituting 𝑧 =
𝑉𝑎𝑅̂𝑝 − 𝑢, and when 𝑋 represents the excess of 𝑦 over 𝑢, then we obtain:  

𝐸𝑆̂𝑝 = 𝑉𝑎𝑅̂𝑝 +
𝜎̂ + 𝜉(𝑉𝑎𝑅̂𝑝 − 𝑢)

1 − 𝜉
=
𝑉𝑎𝑅̂𝑝

1 − 𝜉
+
𝜎̂ − 𝜉𝑢

1 − 𝜉
                                (8) 

Threshold defining for peak values selection 

For the purpose of the analysis, a sufficiently high threshold is defined and observations that 

exceed this threshold are selected. The threshold define is subject to a compromise between the 

variability and the bias of the assessment. If the threshold is lower, then as the number of 

observations increases, observations close to the center of the distribution function may be 

included in the series of maxima. Subsequently, the tail index is more accurate (less volatile), but 

displaced. On the other hand, choosing a high threshold reduces the bias, but makes the assessment 

more variable (fewer observations). A problem with the independence of observations may occur. 

The mean excess of the generalized Pareto distribution is a linear function (tends to infinity). 

According to Theorem 1, for a high threshold the series of the peaks over threshold approaches 

the generalized Pareto distribution. It is possible to choose the threshold at which convergence 

with the generalized Pareto distribution is achieved by finding an area with a linear shape of the 

graph. 

The assessment of the generalized Pareto distribution includes two steps: 

1. Choosing the threshold 𝑢. Mean excess plot could be used, when 𝑢 is defined, such that 

𝑒(𝑥) is an approximately linear function for 𝑥 > 𝑢 (𝑒(𝑢) is linear for the Generalized 

Pareto distribution). 

2. The estimates of the parameters 𝜉 and 𝜎 can be performed using the maximum 

likelihood method. After assessing the peaks over threshold distribution, the 𝑝-quantile 

estimate can be used in estimation of the extreme 𝑉𝑎𝑅.   

 

The estimate of the 𝑝 − quantile is given by the formula:   

𝑥̂𝑝 = 𝑢 +
𝜎̂

𝜉
((
𝑛

𝑁𝑢
𝑝)

−𝜉̂

− 1) 

Mean excess function 

Definition: Let 𝑋 be a random variable and 𝑥𝐹 upper bound of the values of 𝑋, then: 

е(𝑢) = 𝐸(𝑋 − 𝑢|𝑋 > 𝑢), 0 ≤ 𝑢 <  𝑥𝐹 

is called Mean excess function, е(𝑢) gives the mean value above the threshold 𝑢.  

If 𝑋 is exponentially distributed random variable with parameter 𝜆, then 𝑒(𝑢) = 𝜆−1 for each 

𝑢 >  0. For generalized Pareto distribution we have: 

е(𝑢) =
𝜎 + 𝜉𝑢

1 − 𝜉
, 𝜎 + 𝜉𝑢 > 0. 

A graphical test of tail behavior can be performed based on the shape of the mean excess 

distribution. Let 𝑋1, 𝑋2,⋯ , 𝑋𝑛 be independent uniformly distributed random variables with an 

empirical distribution function 𝐹𝑛 and let Δ𝑛(𝑢) = {𝑖, 𝑖 = 1,⋯ , 𝑛, 𝑋𝑖 > 𝑢}. Then 

𝑒𝑛(𝑢) =
1

𝑐𝑜𝑢𝑛𝑡(Δ𝑛(𝑢))
∑ (𝑋𝑖 − 𝑢)

𝑖∈Δ𝑛(𝑢)

, 𝑢 ≥ 0, 

where 𝑐𝑜𝑢𝑛𝑡 gives us the number of points in the series Δ𝑛(𝑢). 
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The set Множеството {𝑋𝑘,𝑛, 𝑒𝑛(𝑋𝑘,𝑛), 𝑘 = 1,⋯ , 𝑛} gives us the mean excess plot.  

In heavy-tailed distributions, the function 𝑒(𝑢) tends to infinity for a high threshold value 𝑢 (linear 

curve with positive slope). 

Market Risk Assessment of Gold Price (XAU) 

In order to assess the market risk for gold, the period and characteristics of the historical data 

that will be used for analysis must first be carefully selected. In this regard, we will go through the 

following two steps: 

- Selection of the historical period of the data used for the analysis; 

- Comparison of daily, weekly and monthly data. Analysis of their features and behavioral 

nature. Selection of the most suitable option for the analysis. 

The history of finance after World War II could be divided into two main periods. The first 

one is the period of the partial gold standard set in Bretton Woods, and the second one is from the 

end Bretton Woods to the present days, known with the fiat monetary standard, closely related to 

the price of oil. The Bretton Woods system determined the direction of world finances until 1971, 

when the United States unilaterally terminated the convertibility of the USD with gold, which 

leaded to the end of the Bretton Woods system and turned the dollar into a fiat currency. 

 

 

Figure 2. Price per troy ounce of Gold in USD for the period from 1971 to 2020 

After August 15, 1971, gold prices began to rise gradually, but the US dollar retained its 

strength as a reserve currency, becoming the main currency in petroleum products trading. 

Therefore, the world financial system after 15.08.1971 is called the Petrodollar system. Although 

many financiers and economists have written about the shortcomings of the fiat monetary system 

in their studies, hardly in 2020, after the onset of the economic turmoil, the discussions of a new 

global financial system mainly came out. Therefore, for the purpose of the analysis, the gold values 

for the period from 1971 to 2020 will be used. When preparing for the analysis, one of the most 

difficult choices is what data to be used, whether daily, weekly or monthly. For this purpose, we 

will analyze the behavior, volatility, jumps and declines of the gold price. 
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Figure 3. Volatility of Gold price from 1971 to 2020. 

Figure 3 shows that the volatility of monthly returns is higher than both the volatility of 

weekly returns and the volatility of daily returns. Based on this fact, it could be concluded that the 

significant change of gold price is a smooth process that occurs over a longer period of time. 

Significant changes in the value of gold do not occur within a few days, but gradually as a medium-

term or long-term trend. 

 

Figure 4. Largest monthly, weekly and daily jumps of Gold price 

Proof of this could be seen in Figures 4 and 5. Figure 4 presents the largest jumps in the price 

of gold, where price changes are reported daily, weekly and monthly. It could be seen that the 

main part of the jumps reported as monthly changes are larger than those reported as daily or 

weekly changes. A similar statement can be made for the declines shown in Figure 5, where could 

be seen that the declines reported as monthly changes are larger than those reported as daily or 

weekly changes. This could be accepted as a second proof of the above-mentioned statement. 

Therefore, for market risk assessment of gold (XAU) will be used monthly values for the period 

from January 1, 1971 to December 31, 2020. 

Before assessing the market risk for troy ounce of gold (XAU), referring to the Law on Large 

Numbers, it should be noted that the accuracy of the assessment directly depends on the number 

of observations and as the number of observations increases, the accuracy of the assessment also 

improves. Therefore, the market risk assessment will be improved by the accumulation of market 

observations. Accordingly, the assessment of the market data made with the observations until 

31.12.2020 would not be completely accurate for the future periods. The following algorithm will 

be applied to solve this problem: 
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The historical data that is used in analysis and covers the time range from 1 January 1971 to 

31 December 2020 is equal to 50 years. Firstly we will divide this range into five periods and make 

a forecast of the sixth future period as follows: 

Period I - from January 1, 1971 to December 31, 1980 

Period II - from January 1, 1981 to December 31, 1990 

Period III - from January 1, 1991 to December 31, 2000 

Period IV - from January 1, 2001 to December 31, 2010 

Period V - from January 1, 2011 to December 31, 2020 

Period VI - from January 1, 2021 to December 31, 2030 (forecasted) 

 

 

Figure 5. Largest monthly, weekly and daily declines in Gold price 

Using the data from each of the above periods, the analysis of peaks over threshold will be 

applied by going through the following steps: 

- Defining the optimal values of thresholds 𝑢 for the periods from I to V. 

- Defining the optimal parameters of the distribution function of peaks for the periods from 

I to V. 

- Calculation of 𝑉𝑎𝑅𝑝 и 𝐸𝑆𝑝 values for the periods from I to V. 

- Forecasting the parameters of the distribution function of peaks and the size of the 

maximum threshold 𝑢 for period VI. 

- Calculating of 𝑉𝑎𝑅𝑝 and 𝐸𝑆𝑝 values for the period VI. 

In addition, will be experimentally proven that the estimates of 𝑉𝑎𝑅𝑝 and 𝐸𝑆𝑝 are not 

constant, change over time and with occurrence of new observations. 

 

Peaks over threshold analysis  

Selection of the maximum threshold value 

The threshold 𝑢 must be large enough to satisfy the conditions of Theorem 1 and at the same time 

it should not be too big, so that sufficient observations can remain in the sample. A graphical tool 

that is very useful when choosing a threshold is the mean excess plot defined by the points: 

(𝑢, 𝑒𝑛(𝑢)), 𝑥1
𝑛 < 𝑢 < 𝑥𝑛

𝑛 
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Where 𝑒𝑛(𝑢) are the mean excess of the 

sample: 

𝑒𝑛(𝑢) =
∑ (𝑥𝑖 − 𝑢)
𝑛
𝑖=1

𝑛 − 𝑘 + 1
, 𝑘 = 𝑚𝑖𝑛{𝑖|𝑥𝑖

𝑛 > 𝑢} 

and 𝑛 − 𝑘 + 1 is the number of observations 

over the threshold 𝑢.  

The mean excess plot should be linear. This 

feature could be used as a selection criterion 

for 𝑢.  

Figure 6 shows mean excess plot for the 

positive returns of data per troy ounce of gold 

for period V. 

For the threshold of the right tail is obtained 

𝑢 = 6.31. This value is located there where 

the function becomes approximately linear. 

Figure 6. Mean excess plot 

The maximum likelihood method will be used to analyze the parameters over the periods. 

The maximum likelihood function on which the maxima should be found is as follows: 

𝐿(𝜉, 𝜎|𝑦) =

{
 
 

 
 −𝑛𝑙𝑛𝜎 − (

1

𝜉
+ 1)∑𝑙𝑛 (1 +

𝜉

𝜎
𝑦𝑖)

𝑛

𝑖=1

, when 𝜉 ≠ 0

−𝑛𝑙𝑛𝜎 −
1

𝜎
∑𝑦𝑖

𝑛

𝑖=1

,  when 𝜉 = 0

 

For 𝜉 ≠ 0 the maximum likelihood estimates of 𝜎 and 𝜉 are obtained from the equation: 

𝜕𝐿(𝜉, 𝜎|𝑦)

𝜕𝜎
= 0,↔ 𝑔(𝜉, 𝜎) = −

𝑛

𝜎
+ (

1

𝜉
+ 1)∑

𝜉𝑦𝑖

(1 +
𝜉

𝜎
𝑦𝑖) 𝜎2

𝑛

𝑖=1

= 0 

𝜕𝐿(𝜉, 𝜎|𝑦)

𝜕𝜉
= 0,↔ 𝑓(𝜉, 𝜎) =

1

𝜉2
∑𝑙𝑛(1 +

𝜉

𝜎
𝑦𝑖)

𝑛

𝑖=1

− (
1

𝜉
+ 1)∑

𝑦𝑖

(1 +
𝜉

𝜎
𝑦𝑖) 𝜎

𝑛

𝑖=1

= 0 

For Pareto Type I distribution, the distribution function has the form: 

𝐹(𝑥, 𝛼) = 1 − (
𝑢

𝑥
)
𝛼

 за 𝑥 ≥ 𝑢, 

the distribution density will have the form: 

𝑓(𝑥, 𝛼) =
𝛼𝑢𝛼

𝑥𝛼+1
 за 𝑥 ≥ 𝑢, 

Then the maximum likelihood function on which the maxima should be found is as follows: 

𝐿(𝛼|𝑥) =∑ln (
𝛼𝑢𝛼

𝑥𝑖
𝛼+1)

𝑛

𝑖=1

= 𝑛𝑙𝑛𝛼 + 𝑛𝛼𝑙𝑛𝑢 −∑(𝛼 + 1)𝑙𝑛𝑥𝑖

𝑛

𝑖=1

 

Then the maximum likelihood estimate for 𝛼 is obtained from the equation: 

𝜕𝐿(𝛼|𝑥)

𝜕𝛼
= 0,↔ 𝑓(𝛼) =

𝑛

𝛼
+ 𝑛𝑙𝑛𝑢 −∑𝑙𝑛𝑥𝑖

𝑛

𝑖=1

= 0 

Whence the maximum likelihood estimate for 𝛼 will be: 
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𝛼̂ =
𝑛

(−𝑛𝑙𝑛𝑢 + ∑ 𝑙𝑛𝑥𝑖
𝑛
𝑖=1 )

 

The analysis of the first period includes 120 observations (10 years × 12 months), in 

calculations for each subsequent period we will use the previous observations too, ie it will include 

120 observations more than the previous one. The number of observations over the threshold 𝑢 will 

be 𝑁, where 𝑁 = 𝑛 − 𝑘 + 1. 

The value of the threshold is denoted by 𝑢. After applying the formulas (6) for 𝑉𝑎𝑅̂0.01 and 

(8) for 𝐸𝑆̂0.01 and 𝜉 = 𝛼−1 , we obtain the estimates for 𝑉𝑎𝑅̂0.01 and 𝐸𝑆̂0.01. 

𝜎̂ = √
1

𝑁 − 1
∑|𝑥𝑖 − (

1

𝑁
∑𝑥𝑖

𝑁

𝑖=1

)|

2𝑁

𝑖=1

 

 

The results of the analysis are shown by periods in Table 1.  

 

Table 1. Peaks over threshold analysis of troy ounce gold values 

Period I II III IV V 

𝑢 9.7500 8.2800 7.7600 6.7600 6.3100 

𝑁 16 26 34 52 73 

𝛼̂ 1.7256 1.7831 1.9674 1.9463 2.0909 

𝜎̂ 6.7773 6.7549 6.6987 6.0653 5.5656 

  

𝜉 0.5795 0.5608 0.5083 0.5138 0.4783 
 

𝑉𝑎𝑅̂0.01 50.5243  42.0608  35.8426  35.1084  33.1187  

𝐸𝑆̂0.01 122.8326  100.5778  78.4929  77.5406  68.3622  

 

Time series analysis (TSA) is very popular for modeling and analyzing market data time 

series. But one of the disadvantages of this method is that a large amount of market data is required. 

In such cases, numerical methods (NM), ordinary differential equations (ODE), partial differential 

equations (PDE) or stochastic differential equations (SDE) are considered and applied. In our case, 

the most suitable for the calculation of the predicted values of (𝑉𝑎𝑅̂0.01 and 𝐸𝑆̂0.01 for VI period 

is the application of the approach with the ordinary differential equations. For this purpose, we 

consider the following ordinary differential equation: 

𝑦′ = 𝑎𝑦                                                                         (9) 

Equation (9) can be solved by numerical integration or by deriving an analytical solution, 

when 𝑎 is known. It is also possible to calibrate 𝑎 at different time intervals. An approach for 

solving equation (9) is given by Marcela Lascsáková. (Marcela Lascsáková (January 2009), 

Kosice, Slovakia) The analytical solution of equation (9) is: 𝑦(𝑡) = 𝐶𝑒𝑎𝑡 

The coefficients 𝑎 and 𝐶 are obtained using the application cftool (Curve Fitting tool), which 

is included in 𝑀𝑎𝑡𝑙𝑎𝑏. The equation 𝑦(𝑡) = 𝐶𝑒𝑎𝑡 is used, where 𝑡 are the analyzed periods, and 

𝑦(𝑡) will be the values of the parameters on which the Curve Fitting tool in Matlab will be applied. 

The constants 𝑎 and 𝐶 for the estimates of the parameters 𝑢, 𝑁, 𝛼̂, 𝜎̂ аre obtained. The obtained 

results are shown in Table 2. 
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Table 2. 

 𝑢 𝑁 𝛼̂ 𝜎̂ 

𝐶 10.68 11.81 1.65 7.336 

𝑎 −0.11 0.3653 0.04686 −0.04767 

For period VI the forecast estimates of the parameters 𝑢, 𝑁, 𝛼̂, 𝜎̂ are calculated as follows: 

𝑢(𝑡 = 6) =  𝐶𝑒𝑎𝑡 = 10.68 ∗ 𝑒(−0.11∗6) = 5.5200 

𝑁(𝑡 = 6) =  𝐶𝑒𝑎𝑡 = 11.81 ∗ 𝑒(0.3653∗6) ≅ 106 

𝛼̂(𝑡 = 6) =  𝐶𝑒𝑎𝑡 = 1.65 ∗ 𝑒(0.04686∗6) = 2.1857 

𝜎̂(𝑡 = 6) =  𝐶𝑒𝑎𝑡 = 7.336 ∗ 𝑒(−0.04767∗6) = 5.5112 

Table 3. Peaks over threshold analysis of troy ounce gold values with forecast for period VI 

Period I II III IV V VI 

𝑢 9.7500 8.2800 7.7600 6.7600 6.3100 5.5200 

𝑁 16 26 34 52 73 106 

𝛼̂ 1.7256 1.7831 1.9674 1.9463 2.0909 2.1857 

𝜎̂ 6.7773 6.7549 6.6987 6.0653 5.5656 5.5112 

𝜉 0.5795 0.5608 0.5083 0.5138 0.4783 0.4575 

𝑉𝑎𝑅̂0.01 50.5243  42.0608  35.8426  35.1084  33.1187  38.2900  

𝐸𝑆̂0.01 122.8326  100.5778  78.4929  77.5406  68.3622  76.0869 

 

Subsequently, these parameters are used to find the predicted values of 𝑉𝑎𝑅̂0.01 and  𝐸𝑆̂0.01 

for period VI.  

The results in Table 3 show that with a probability of 0.01 the positive monthly returns 

during period VI will exceed 38.29% and that in these cases the average price increase will be 

76.09%, i.e. in cases when the monthly return exceeds 38.29%, prices will rise by an average of 

76.09% per month. 

The results of mathematical 

calculations show a significant risk of 

increasing the price of gold, but it is 

worth noting that this risk is long-

awaited by financial analysts. Figures 

7 and 8 illustrate the time values of 

𝑉𝑎𝑅̂0.01 and 𝐸𝑆̂0.01 at a safety factor of 

1% for the analyzed six periods. On the 

same figures an increase in the values 

of 𝑉𝑎𝑅̂0.01 and 𝐸𝑆̂0.01 can be observed 

during period VI. Despite this 

expectation, in the past there have been 

periods during which they have been 

significantly higher. 

In recent decades, there has been 

a positive upward trend of the gold 

price. The average gold price has risen 

significantly in recent decades (Table 

4) and an increase of 76.09% in period 

Figure 7. (𝑉𝑎𝑅)̂
0.01 for periods  I – VI  
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VI would be much more significant than in the previous periods. Therefore, it should be noted that 

in the VI period, in the years from 2021 to 2030 there will be a significant risk of a drastic increase 

in the gold value, which a prerequisite both for economic and subsequent socio-political changes. 

 

Table 4. Mean values of XAU (on monthly data) 

Period I II III IV V 

USD per Troy Ounce 191.77 393.48 340.20 622.90 1 400.90 

Further research is needed to answer the question of whether there is a risk of successive 

repetitions of such a jump several times in a period of consecutive months. Given that such an 

event could be the reason for the dynamic changes in the global financial and economic system. 

 

 

Figure 8. Plot of 𝐸𝑆̂0.01 for periods I – VI 

 

CONCLUSION 

In recent years, gold has begun to regain its historical significance, which may be followed 

by an increase in its market price. If this happens for a short period of time and is accompanied 

with large value increase, then it can be classified as a market risk. This publication includes a 

brief introduction to the importance of gold for the global financial system and short description 

of peaks over threshold method, as well as its application in the analysis of gold price market risk. 

A forecast assessment of the risk value and the expected shortfalls for the period from 2021 to 

2030 has been made. Ordinary differential equations and cftool in Matlab were also applied in the 

calculations of the predicted estimates of 𝑉𝑎𝑅 and 𝐸𝑆. 

The results show that: 

- In the period between 2021 and 2030 there is a significant risk of a considerable 

increase in the value of gold; 

- Contrary to the previous periods, the market risk of gold will have an increasing trend 

and gold prices could rise with values which are not observed in recent decades. 

- The significant increase of gold value is a prerequisite for both financial and subsequent 

socio-political changes. 

Subject for further analysis is: Study of the risk of several consecutive repetitions of similar 

jumps in future periods. For this purpose, extremal value theory, analysis of stochastic processes 

or a combination of both оf them could be applied. 

 



60th Annual Scientific Conference - University of Ruse and Union of Scientists, Bulgaria, 2021 

Copyrights© 2021 ISBN 978-954-712-864-4 (Print)            109 

ACKNOWLEDGMENTS 

The research is supported by the project № 2021–FNSE–03 "Study of mathematical and 

didactic models with analytical and numerical methods", funded by the “Scientific Research” Fund 

of the University of Ruse. 

 

REFERENCES 

Balkema, A., and De Haan, L. (1974). "Residual life time at great age", Annals of Probability 

Brayanov, I., (2018) Financial and Insurance Risk Analysis, In "Mathematical modeling in 

finance, insurance and social affairs" in University of Ruse "Angel Kanchev". 

Gear, C.W. (1971) Numerical Initial Value Problems in Ordinary Differential Equations. 

Prentice-Hall, Upper Saddle River. 

Kristalina Georgieva, (October 15, 2020). A New Bretton Woods Moment, IMF, 

Washington, DC. 

Marcela Lascsáková (January 2009), The numerical model of forecasting aluminium prices 

by using two initial values, Technical University of Kosice, Slovakia. 

Max Rydman, (June 2018).Application of the Peaks-Over-Threshold Method on Insurance 

Data, Department of Mathematics Uppsala University. 

Meiyu Xue, Choi-Hong, (2018). Lai From time series analysis to a modified ordinary 

differential equation, Journal of Algorithms & Computational Technology. 

Michael North, (December 11th 1959). A Short History of Money, by Yale University Press. 

Paul Embrechts, 2008. "Statistics of Financial Markets: An Introduction, 2nd Edition by 

Jürgen Franke, Wolfgang K. Härdle, Christian M. Hafner," International Statistical Review, 

International Statistical Institute. 

Pickands, J. (1975). "Statistical inference using extreme order statistics", Annals of 

Statistics. 

Rockafellar, R.T. (1970). Convex Analysis. Princeton Mathematics, Vol. 28, Princeton 

Univ. Press. 

Rockafellar, R. Tyrrell; Royset, Johannes (2010). On Buffered Failure Probability in Design 

and Optimization of Structures. Reliability Engineering and System Safety. 

Rockafellar, R. Tyrrell; Uryasev, Stanislav (2000). Optimization of conditional value-at-

risk. Journal of Risk. 

Tsay RS. Analysis of financial time series (2005), New York: John Wiley & Sons. 

https://www.gold.org/goldhub/data/gold-prices (accessed on 22.02.2021). 

https://www.mathworks.com/help/curvefit/curvefitting-app.html (accessed on 22.02.2021). 

  

https://www.gold.org/goldhub/data/gold-prices
https://www.mathworks.com/help/curvefit/curvefitting-app.html

